For a class of scalar fields including the massless Klein-Gordon field the general relativistic hyperboloidal initial value problems are equivalent in a certain sense. By using this equivalence and conformal techniques it is proven that the hyperboloidal initial value problem for those scalar fields has an unique solution which is weakly asymptotically flat. For data sufficiently close to data for flat spacetime there exist a smooth future null infinity and a regular future timelike infinity.
Introduction

General remarks
A large open problem of classical general relativity is the characterization of the structure of a spacetime by initial data. The flat case, Minkowski spacetime, is geodesically complete. To the other extreme the singularity theorems by R. Penrose and S. Hawking show that the spacetime cannot be geodesically complete if the data are large [20] . In the last years there has been remarkable progress in describing what happens if one goes from data for flat space to large data: The future of small data evolving in accordance with the Einstein equation with various matter models as sources, vacuum and Einstein-Maxwell-Yang-Mills, looks like the future of data for flat space [10, 18] . Nevertheless many problems are still unsolved.
Those results were significantly improved by D. Christodoulou for spherically symmetric models with a massless Klein-Gordon scalar field as source. He was able to relate properties of the initial data to properties of singularities. But even in this case of high symmetry the questions left are still numerous as numerical simulations by M. Choptuik show [8] . He found very interesting properties, the so called echoing effect, for models which are in the parameter space of initial data near to the boundary which separates regular from singular spacetimes. In this paper conformal techniques are used to analyze the hyperboloidal initial value problem with scalar fields as matter models -for data near Minkowskian data the future of the initial value surface possesses a smooth future null infinity and a regular timelike infinity, for large data a smooth future null infinity exists for at least some time. In the second part of the introduction more about conformal techniques and their application for a mathematical description of asymptotically flat spacetimes will be said. Although the primarily treated matter model is that of the conformally invariant scalar field, whose equations can be written as 2φ −R 6φ = 0 (1a)
the results obtained apply to a larger class of scalar field models, given by the class of actions (32), including the massless Klein-Gordon field, as shown in section 5.
Note that an arbitrary factor can be absorbed intoφ which changes the coefficients in (1b). My notational conventions are described in the appendix, the˜marks quantities in the physical spacetime (see definition 1). The energy-momentum tensor for the conformally invariant scalar field can be written as
The analytic investigation presented in this paper show the well posedness of the initial value problem in unphysical spacetime, which is a technical construct to "compactified" asymptotically flat spacetimes in analogy to the compactification of the plane of complex numbers (R 2 ) into the Riemann sphere (S 2 ). One goal of this work was making myself familiar with the system in unphysical spacetime as a preparation for numerical work showing that the conformal techniques are well suited for a numerical investigation of global spacetime structure and gravitational radiation [21, 22] . To lower the computational resources required these calculations have been done for spherical symmetry. It is well known that spherically symmetric, uncharged vacuum models are Schwarzschild. The inclusion of matter removes that obstacle, the spacetime may evolve dynamically. Furthermore there is no gravitational radiation in spherically symmetric models. Therefore the matter model should also be a model for radiation. Scalar fields with wave equations are choices for matter which model also radiation. The conformally invariant scalar field has been chosen since the matter equations are form invariant under rescalings of the metric and an appropriate transformation of the scalar field as the name already suggests. The scalar fields are interesting from the analytic viewpoint since for the first time conformal techniques could be used for matter models whose energy-momentum tensor has non-vanishing trace.
Asymptotically flat spacetimes
In this paper a geometrical, coordinate independent definition of asymptotical flatness along the lines suggested by R. Penrose will be used. A more thorough discussion of the ideas and the interpretation can be found at various places in the literature, e.g. [19, 26] . The definitions of asymptotical flatness given in the literature differ slightly. The following will be used here: Definition 1 and 2 classify spacetimes, they do not require that Einstein's equation is fulfilled. One would like to know: Are they compatible with the Einstein equation with sources? Neither definition 1 nor 2 is in an initial value problem form: A given spacetime is or is not classified as asymptotically flat. But for a physical problem one would like to give "asymptotically flat data" and have guaranteed that they evolve into an at least weakly asymptotically flat spacetime. Nevertheless the geometrically description was extremely helpful in analyzing asymptotically flat spacetimes and it can be successfully used as guideline to construct a formalism which is better suited for analyzing initial value problems. This method has been developed and applied to various matter sources by H. Friedrich [11, 12, 13, 14, 15, 16, 17] . In this paper it will be applied to general relativistic scalar field models. The idea is to choose a spacelike initial value surface in the unphysical spacetime (M, g ab ) and to evolve it. The problems to be faced are: For Minkowski space the unphysical spacetime (M, g ab ) can be smoothly extended with three points, future (i + ) and past (i − ) timelike infinity, the end respectively the starting point of all timelike geodesics of (M,g ab ), and spacelike infinity (i 0 ), the end point of all spacelike geodesics of (M,g ab ). The point i 0 divides J into two disjunct parts, future (J + ) and past (J − ) null infinity. It is well known and has been discussed elsewhere that there are unsolved problems in smoothly extending a "normal" Cauchy hypersurface ofM to i 0 if the spacetime has nonvanishing ADM mass. Certain curvature quantities blow up at i 0 , reflecting the non-invariance of the mass under rescalings. By choosing a spacelike (with respect to g ab ) hypersurface S not intersecting i
we avoid the problems with i 0 . S is called a hyperboloidal hypersurface -the corresponding initial value problem is called a hyperboloidal initial value (a detailed definition for the scalar field models is given in section 4, definition 3). The domain of dependence D(S) of S will not contain the whole spacetime. The interior of S corresponds to an everywhere spacelike hypersurface in the physical spacetime which approaches a null hypersurface N asymptotically. If N is a light cone L then the domain of dependence of S is L. Therefore the hyperboloidal initial value problem is well suited to describe the future (past) of data on the spacelike hypersurface S, e. g. a stellar object and the gravitational radiation caused by its time evolution. It is not well suited to investigate the structure near i 0 . But even for the hyperboloidal initial value problem there are "regularity" problems at J : Transforming the Einstein equation from physical to unphysical spacetime an equation "singular" for Ω = 0 results. That problem is solved in this paper in analogy to H. Friedrich's work. A new set of equations for the unphysical spacetime will be derived, its equivalence to the Einstein equation onM proven. This new set of equations is used to prove the consistency of the hyperboloidal initial value problem for scalar fields with (weakly) asymptotical flatness and the existence of a regular future (past) timelike infinity for data sufficiently close to data for Minkowski spacetime. 
shows that this first attempt fails. Either there are terms proportional to Ω −2
and Ω −1 , which need special care on the set I of points where Ω = 0, including J , which is part of M. Or alternatively, the highest (second order) derivatives of the metric, hidden in the Einstein tensor, are multiplied by a factor of Ω 2 and then the principal part of the second order equation for the metric components vanishes on I. This behaviour of an equation will be called singular on I. In this section a system of equations without the singularity on I will be derived from the rescaled Einstein equation by introducing new variables and equations. The set of equations together with the equations for the matter variables may be a system with a very complicated principal part -as it is the case for a conformally invariant scalar field as matter model. A procedure is carried out to simplify the principal part to a form in which no equation contains both derivatives of matter variables as well as derivatives of geometry variables and the principal part of the subsystem for the geometry variables is the same as for the vacuum case ("standard form"). All variables already present in the vacuum case are called geometry variables. It is shown that the procedure works for the conformally invariant scalar field. The procedure described does not use very restrictive assumptions -it is very general -and may work for most matter models, for which the unphysical matter equations can be regularized on I.
The geometry part of the system
According to the definition of asymptotical flatness (definition 1) the unphysical spacetime is connected with the physical spacetime through the rescaling
This rule also determines the transformation of the connection and the curvature. Additionally the transformation of the matter variablesΦ under rescaling must be specified,
It is assumed that Φ has a smooth limit on J , the rescaled equations for the matter variables are regular on I 1 , and there exists a tensor T ab , which is independent of derivatives of Ω and derivatives of curvature terms, fulfills
1 In the general case it is not known how to achieve that.
and has a limit on J 2 . The conditions required may seem very restrictive but they can be fulfilled for Yang-Mills fields [17] and for the conformally invariant scalar field. The Riemann tensor will be split into its irreducible parts, the conformal Weyl tensor
the trace free partR ab of the Ricci tensor R ab and the Ricci scalar R:
Aˆis used as an indication for trace free parts of tensors. The irreducible decomposition of the energy-momentum tensor is
The irreducible parts transform under rescalings according tô
The vanishing of the divergence ofT ab becomes
For energy-momentum tensors with non-vanishing trace equation (9) as an equation for the components of the irreducible parts of the energy-momentum tensor T ab is singular on I. Since (9) should be in same way part of the matter equations problems in regularizing the matter equations are to be expected.
A regular system
The part of (2) proportional to Ω −2 is a pure trace, thus the Ω −2 singularity is absent in the trace free equation. A decomposition into the trace and the trace free part moves the worst term into one equation. From the rescaling rule for the Ricci scalar and tensor,
2 From the definition of asymptotical flatness and the Einstein equation it follows that Ω −1T ab has a limit on J [4] . The faster fall off and the requirements on the form of T ab have technical reasons.
and
Equation (12) can be dealt with by the following lemma: (13) (12) will not be used any longer since∇ bT ab = 0 can be derived from the remaining equations, contract (20g) or see the discussion following (31). In the following the Ricci scalar R will be regarded as an arbitrary, given function. It fixes part of the gauge freedom on the transition from the physical to the unphysical spacetime as follows: The equations (12) and (13) are invariant under rescalings (g ab , Ω) → (ḡ ab ,Ω) := (Θ 2 g ab , Θ Ω) with Θ > 0. All the unphysical spacetimes (M, Θ 2 g ab , Θ Ω) belong to the same physical spacetime (M ,g ab ). Under the rescalingḡ ab = Θ 2 g ab , R andR are connected by
which is equation (10) where the covariant derivatives ∇ a now corresponds to the unscaled metric. Solving (14) for a spacetime (M, g ab ) and data for Θ anḋ Θ on a spacelike surface S we get at least locally a unphysical space time with arbitrary Ricci scalarR. There is still conformal gauge freedom left as every rescaling with Θ > 0 and
leaves the Ricci scalar unchanged. Equation (13) ∇ c ∇ c Ω yields
which is a second order equation for Ω. The next step is to find equations for the metric and the quantities derived therefrom. Expressing the once contracted, second Bianchi identity (
The once contracted second Bianchi identity in the physical spacetime,
and the Einstein equation in physical spacetime provide us with an equation for d abc d :
We can now derive the missing equation for ω from the integrability condition for (16) and by substituting (17):
In the following in addition to the abstract indices (small Latin letters) frame (underlined indices) and coordinate indices (Greek letters) are used. The used conventions are explained in the appendix in more detail.
Using Ω a := ∇ a Ω, the frame e i a , and the Ricci rotation coefficients γ a ij as further variables, we get the following first order system of tensor equations for Ω, Ω a , ω, e i a , γ a ij ,R ab , and d abc d :
where (20d) means vanishing torsion T a bc , expressed in frame index form,
and (20e) means that the curvature tensor in terms of the Ricci rotation coefficients, in frame index form
should equal the combination
which is the irreducible decomposition of a tensor with the symmetry of the Riemann tensor (7). Hence (20d) and (20e) ensure that R alg abc d is the curvature tensor corresponding to the connection given by the Ricci rotation coefficients which again is the torsion free connection coming from the metric (frame).
Complications by the matter terms
The final goal is to use the terms ∇ a Ω, ∇ a Ω b , ∇ a ω, e j (e k µ ) − e k (e j µ ) e The physical energy-momentum tensorT ab fulfills the assumed properties,
The mentioned complications in (20) by the right sides are now obvious.
To get rid of the second and first order derivatives of φ we use the first order system
for the variables φ, φ a , the trace free symmetric tensorφ ab and the trace φ a a . The system is derived from ∇ a 2φ − R 6 φ = 0. System (21) also serves as matter part of the system for the unphysical spacetime. t abc is now written in a form which does not contain any derivatives of matter variables explicitly. 
with
Note that m abc may become singular for 1− 2 too. We will need later that
where N R abc is the null quantity representing the final form of the equation forR ab (25) . 
This gives N d abc the same index symmetry properties as the Weyl tensor. That replacement does not change the equation since m ab b = 0 as will be seen later. Analogously we replace (22) with
the contraction N R ab b = 0 is then the contracted second Bianchi identity.
Evolution equations and constraints
In the following I will assume a system N = 0 of the form (20a) -(20e), (24) , (25) , the geometry part, and a matter part, in the case of the scalar field model system (21) . m abc and t abc are assumed to differ only by terms expressible as null quantities. The energy-momentum tensor T ab , its derivatives ∇ a T bc , m abc , and t abc are assumed to be expressed in variables and thus do not contain any explicit derivative of variables. By these assumptions the principal part of the system has block form, the geometry block and the matter block. The two blocks are coupled through the right sides. In this chapter the system N = 0 will be reduced to a system of symmetric hyperbolic time evolution equations, the subsidiary system. Sufficient conditions for the equivalence of the subsidiary system and N = 0 are given as conditions on m abc . If the system can be put into the described block form there do not arise any more conditions from the geometry part of the system for any matter. The explicit carry out is technical and lengthy, the idea can be summarized as follows: All the equations of the system are regarded as null quantities. By requiring the vanishing of some of these null quantities and by choosing an appropriate gauge condition for the coordinates and the frame we get a symmetric hyperbolic subsidiary system of evolution equations. Which null quantities to choose can best be seen by a decomposition into the irreducible parts in the spinor calculus as performed in [17] . The solution of this symmetric hyperbolic subsystem exists and is unique. To complete the proof we must show that the solution obtained in this way is consistent with the rest of the equations, i.e. that all null quantities remain zero if they are initially zero ("propagation of the constraints"). For that purpose a symmetric hyperbolic system of time evolution equations for the remaining null quantities is derived. Sufficient conditions for the propagation of the constraints are firstly the homogeneity of the evolution equations for the remaining null quantities in the null quantities since then the unique solution of these evolution equations is the vanishing of all null quantities for all times if they vanish on the initial surface and secondly that the domain of dependence of S with respect to the equations for the propagation of the constraints is a superset of the domain of dependence of S with respect to the subsidiary system.
A symmetric hyperbolic subsystem of evolution equations
Introducing a timelike vector field t a not necessarily hypersurface orthogonal and its orthogonal projection tensor h ab := g ab − t a t b /(t c t c ) allows to split the system of equations into two categories, the equations containing time derivatives and those containing no time derivatives (the constraints). The equations with time derivatives provide a under/overdetermined system of evolution equations. The system is overdetermined since for some quantities there are too many time evolution equations, e.g. there are 12 time evolution equations from N R abc = 0 for 9 independent tensor components. 3 equations are a linear combination of the other 9 equations and the constraints. An irreducible decomposition of the tensors N is a systematic way to analyze these dependencies. Since all the types of tensor index symmetries appearing in the system have been thoroughly investigated in [17] I will only state which combinations are needed. The system is underdetermined since there are 10 time evolution equations for the frame and the Ricci rotation coefficients missing. By adding
the system becomes complete. The freedom of giving ten functions corresponds to the freedom of giving the lapse and the shift to determine the coordinates and the six parameters of the Lorentz group to determine the frame on every point. The gauge freedom is discussed in full detail in [13, 17] . A choice which makes the system especially simple for analytic considerations is a Gaussian coordinate and frame system defined as follows. Give on the spacelike initial value surface S coordinates x µ , µ = 1..3, and 3 orthonormal vector fields e i a , i = 1..3 in this hypersurface. The affine parameter of the geodesics of the hypersurface orthonormal, timelike vector field e 0 a defines the time coordinate x 0 = t. The spacelike coordinates are transported by these geodesics into a neighbourhood of the initial surface. By geodesic transport of e i a , i = 1 . . . In the unphysical spacetime the Ω terms provide a kind of unphysical energy-momentum tensor. Whether this energy-momentum tensor fulfills the energy-momentum conditions is a difficult question and not known to the author. Nevertheless the coordinates develop caustics as has been shown by numerical calculations [22] . The following combinations give a symmetric hyperbolic system for the remaining variables as can be deduced from the considerations in [12] :
To see that the system is really symmetric hyperbolic one has to write down the system explicitly. By an appropriate, in the explicit form of the system obvious definition of new variables, the system has the structure
with a diagonal matrix A t , which is positive definite for 1 − 1 4 Ω 2 φ 2 > 0, and symmetric matrices A x i . f is the vector build from the variables. All the remaining equations are linear combinations of (28) 
A sufficient condition for the propagation of the constraints
According to the analysis in [17] , involving the left hand side of the following identities, a symmetric hyperbolic system of evolution equations for the remaining null quantities can be extracted from:
The last term in (30k) is homogeneous in null quantities as can be seen from (30g), The deviation of these equalities is even more lengthy than the equalities itself, but the essential ideas behind it can already be seen in the deviation of the first:
with the last three terms vanishing since the tensors are symmetric. Note that vanishing of the torsion, T 
A straightforward but long calculation shows that these conditions are fulfilled by the conformally invariant scalar field with f = − 
The hyperboloidal initial value problem
So far a system of equations (N = 0) has been derived which contains for at least one choice of gauge a symmetric hyperbolic subsystem of evolution equations. The remaining equations in the system -either constraints or a combination of constraints and time evolution equations -will be satisfied for a solution of the evolution equations, if the constraints are satisfied by the initial data. If both, the time evolution and the constraints, are fulfilled, (M ,g ab ,φ) is a weakly asymptotically flat solution of the Einstein equation. This follows from the way the system N = 0 for the unphysical spacetime has been derived. The essential points in the proofs of the theorems in [17, chapter 10] are the symmetric hyperbolicity of the subsidiary system and the form (20b) of the equations for Ω. Therefore the same techniques can be used and the proofs will not be repeated. The difference to the model treated here lies in the derivation of the subsidiary system and the proof of the propagation of the constraints, which has been done in the previous chapters.
The initial value problem
We consider the following initial value problem:
Definition 3 A "hyperboloidal initial data set for the conformally invariant scalar field" consists of a pair (S, f 0 ) such that: A point which deserves special notice is the existence of a hyperboloidal initial data set. The proof that those data exist has to overcome two problems. Firstly, the regularity of the solution on ∂S which is the consistency of the data with asymptotical flatness. For scalar field data with compact support regularity conditions are given in [2, 3] , which are sufficient for the existence of a solution of the constraints near ∂S.
On
Secondly there is a problem with a possible singularity of equations in N = 0 at 1 − 
Theorems
The "theorems" will be given in a form not containing every technical detail, since these technical details would make them lengthy and can be easily deduced from the theorems in [17] by replacing the Yang-Mills matter with the (conformally invariant) scalar field. Since the constraints of N = 0 propagate we have: Since the evolution equations are symmetric hyperbolic a unique solution of the initial value problem exists for a finite time. From the combination with theorem (2) follows: For the Minkowski space we can extentS and the solution of the constraints beyond ∂S to S ′ and get a solution in the unphysical spacetime which extents beyond i + . The continuous dependence of the solution of symmetric hyperbolic 4 The assumption about the smoothness of the data can certainly be weakened from C ∞ to C n for sufficiently large n but then more technical effort would be needed in the proofs.
systems on the data and the form of (20a), (20b) and (20c) (see the proof of theorem (10.2) in [17] ) guarantees that there is a solution covering the whole domain of dependence ofS. Furthermore the proof there shows that {p | Ω(p) = 0} has an isolated critical point i + , where all future directed timelike geodesics of (M ,g ab ) end, thus: 
The conformal equivalence of the scalar fields
This section shortly reviews the equivalence transformation between spacetime models with scalar matter under the viewpoint of solving hyperboloidal initial value problems. Other aspects of this equivalence transformation, especially the generation of exact solutions, have been studied in [1, 5, 6, 23, 24, 25 , 29].
Local equivalence of solutions
Spacetime models (M ,g ab ,φ) with scalar matterφ described by the actioñ
will be considered. Boundary terms in the action have been omitted,g is the determinant ofg µν . By varying the actionS with respect toφ andg ab the following field equations result:
A and B are assumed to be C ∞ functions. For B = 0 the principal part of (33a) does not vanish and thus (33a) is a wave equation. For that reason I assume B(φ) > ǫ > 0 for everyφ. (33b) is a second order equation for the metric if A(φ) = 0. In the spacetime regionH :
gives a solution of the system (33) with a massless Klein-Gordon field φ as matter model corresponding to the choice (A, B) = (1, 1) and the equations 2 φ = 0 (35a)
with energy momentum tensor
From the assumptions about A and B follows that the corresponding KleinGordon field will be unbounded approaching the part of the boundary ofH where A(φ) → 0. The singularity in the Klein-Gordon field shows up at least in a singularity of the equations for (M ,g ab ,φ). For two of the scalar fields in the above class the field equations are very special, the already mention massless Klein-Gordon fieldφ (35) and the conformally invariant scalar fieldφ, (A, B)
) (φ can be rescaled by an arbitrary factor). The first, because the set of equations in the physical spacetime becomes remarkable simple and has been analyzed intensely with analytical (e.g. [9] ) and numerical (e.g. [7] ) methods for spacetimes with spherical symmetry. The second, yielding the equations (1), because the matter equations are invariant under rescalings g ab = Ω 2g ab and φ = Ω −1φ . The transformation between the two special cases is φ = √ 6 arctanhφ 2 (36a)
which is a bijective mapping fromφ ∈] − 2, 2[ toφ ∈] − ∞, ∞[. Due to the following diagram, illustrating the above described relations, it is evident that there is a variable transformation regularizing the unphysical equations for the Klein-Gordon field: By mapping an arbitrary scalar fieldφ with action (32) to the Klein-Gordon field φ and then to the conformally invariant scalar fieldφ regular equations forφ are obtained.
The hyperboloidal initial value problem
Since A(φ) > 0 onS all scalar field models connected by transformation (34) to a hyperboloidal initial value problem with a conformally invariant scalar field as matter source are weakly asymptotically flat.
For a massless KG model there is a one parameter gauge freedom in the scalar field. Ifφ is a solution, then so isφ+φ 0 withφ 0 = const, as the energy momentum tensor depends on derivatives ofφ only. This can also be seen by mapping a KleinGordon model to a Klein-Gordon model withφ 0 = 0 and (34). The analogue holds for every considered scalar field model. For the hyperboloidal initial value problemφ = Ωφ, thereforeφ vanishes at J , fixing the gauge inφ. In definition (3) 1 − 
A Notation
The signature of the Lorentzian metric g ab is (−, +, +, +). Whenever possible I use abstract indices as described in [27, 
Contraction gives the Ricci tensor,
R ab = R acb c , and the Ricci scalar R = R ab g ab .
The Einstein tensor is given by
The speed of light c is set to 1 as the gravitational constant κ in G ab = κ T ab .
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